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Abstract. Most computer programs store elements of a given nature
into container-based data structures such as lists, arrays, sets, and mul-
tisets. To verify the correctness of these programs, one needs to combine
a theory S modeling the data structure with a theory 7" modeling the ele-
ments. This combination can be achieved using the classic Nelson-Oppen
method only if both S and T are stably infinite.

The goal of this repot is to relax the stable infiniteness requirement.
To achieve this goal, we introduce the notion of polite theories, and we
show that natural examples of polite theories include those modeling
data structures such as lists, arrays, sets, and multisets. Furthemore, we
provide a method that is able to combine a polite theory S with any
theory T' of the elements, regardless of whether 7" is stably infinite or
not.

The results of this report generalize to many-sorted logic those recently
obtained by Tinelli and Zarba concerning the combination of shiny the-
ories with nonstably infinite theories in one-sorted logic.

1 Introduction

In program verification one has often to decide the satisfiability or validity of log-
ical formulae involving data structures such as lists, arrays, sets, and multisets.
These data structures can be considered as structured containers of elements of
a given nature. For instance, one may want to reason about lists of integers, sets
of booleans, or multisets of reals.

One way to reason about data structures over elements of a given nature
is to use the Nelson-Oppen method in order to modularly combine a decision
procedure for a theory S modeling the data structure with a decision procedure
for a theory T" modeling the elements. However, this solution requires that both
S and T be stably infinite. Unfortunately, this requirement is not satisfied by
many practically relevant theories such as, for instance, the theory of booleans,
the theory of integers modulo n, and the theory of fixed-width bit-vectors [§].

Recently, Tinelli and Zarba [12] introduced a generalization of the one-sorted
version of the Nelson-Oppen method in order to combine theories that are not

* This work is partly supported by grants NSF ITR CCR-0113611, NSF CCR-0098114,
and projects ACI GECCOO and QSL VALDA-2.



stably infinite. More precisely, they introduce the notion of shiny theories, and
prove that a shiny theory S can be combined with any other arbitrary theory T,
even if the latter is not stably infinite. They also provide a list of shiny theories
which includes the theory of equality, the theory of partial orders, the theory of
total orders, and the theory of bounded lattices.

Despite these promising results, Tinelli and Zarba’s method has two draw-
backs.

First, when combining a shiny theory S, one has to compute a function
mincardg. This function takes as input an S-satisfiable conjunction I" of literals,
and returns the minimal cardinality & for which there is a T-model of I' of
cardinality k. Although mincardg is computable for a wide class of theories, its
complexity is in general NP-hard. Due to this high complexity, it is natural to
study how to avoid the computation of mincardg.

Second, the notion of shininess is too strong, and it may be very difficult to
find further examples of practically relevant shiny theories. We believe that this
difficulty is due to the fact that the notion of shiny theories was introduced in
one-sorted logic.

In this report we are interested in the problem of combining a theory S mod-
eling a data structure with a nonstably infinite theory 7" modeling the elements.
More in detail, the contributions of this report are:

1. In order to sidestep the difficulties of finding shiny theories, we operate in
many-sorted logic rather than in one-sorted logic.

2. We introduce the notion of polite theories, and we prove that natural ex-
amples of polite theories are those modeling data structures such as lists,
arrays, sets, and multisets.

3. We provide a new combination method that is able to combine a polite
theory S with any theory T, regardless of whether T is stably infinite or not.

4. We generalize the notion of shininess from one-sorted logic to many-sorted
logic, and we prove that—under rather weak assumptions—shininess is equiv-
alent to politeness in one-sorted logic. The equivalence is less clear in many-
sorted logic.

The crux of our combination method is to modify the Nelson-Oppen method.
The nondeterministic version of this method consists in guessing an arrangement
over the set of shared variables. This arrangement is used to build equalities and
disequalities between variables, to constrain simultaneously the inputs of decision
procedures for component theories. Our modification is related to the variables
involved in an arrangement; precisely:

Modification 1: Guess an arrangement over an extended set of variables, and
not just the shared ones. For correctness, the extended arrangement must
also contain opportunely introduced fresh variables, whose role is to witness
that certain facts hold for the data structure.

Our method does not require the computation of a mincardgs function, and
it is therefore easier to implement than the one presented in [12].



Related work. Implicit versions of Modification 1 were already used by Zarba in
order to combine the theory of sets [14] and the theory of multisets [13] with
any arbitrary theory 1" of the elements, even if T' is not stably infinite.

The first explicit version of Modification 1 is due to Fontaine and Gri-
bomont [6] who combine the theory of arrays with any other nonstably infinite
theory T not containing the sort array. Their result applies to conjunctions of
literals not containing disequalities between terms of sort array.

The latest explicit version of Modification 1 was used by Fontaine, Ranise,
and Zarba [7], in order to combine a nonstably infinite theory 7" of the elements
with the theory Tiength of lists of elements with length constraints.

Baader and Ghilardi [1,2] have recently introduced a new method for com-
bining theories over nondisjoint signatures using many-sorted logic. Their result
for theories over nondisjoint signatures—together with ours for nonstably infinite
theories—shows that it is very convenient to combine theories using many-sorted
logic.

Organization of the report. In Section 2 we introduce some preliminary notions,
as well as the concept of polite theories. In Section 3 we prove some auxiliary
propositions that are useful when proving that certain theories are polite. In
Section 4 we present our combination method. In Section 5 we compare the
notion of polite theories with the notion of shiny theories. In Sections 6-10 we
prove that natural examples of polite theories are those modeling data structures,
as well as the ubiquitous theory of equality. In Section 11 we draw conclusions
from our work.

2 Preliminaries

2.1 Syntax

A signature X is a triple (S, F, P) where S is a set of sorts, F' is a set of function
symbols, P is a set of predicate symbols, and all the symbols in F, P have arities
constructed using the sorts in S. Given a signature X = (S, F, P), we write X5
for S, XY for F, and X¥ for P. If ¥ = (S1, F1, Py) and Xy = (So, Fy, P,) are
signatures, their union is the signature X1 U Xy = (51 U S, Fy U Fo, Py U Ps).

Given a signature X, we assume the standard notions of X'-term, X'-literal,
and X-formula. A X-sentence is a Y-formula with no free variables. A literal
is flat if it is of the form z ~ y, v % y, x = f(y1,.--,Yn), D(Y1,--.,Yn), and
—p(Y1,---,Yn), where x,y,y1,...,yn are variables, f is a function symbol, and
p is a predicate symbol.

If ¢ is a term, we denote with vars,(t) the set of variables of sort o occurring
in ¢t. Similarly, if ¢ is a formula, we denote with vars, () the set of free variables
of sort o occurring in ¢. If ¢ is either a term or a formula, we denote with vars(p)
the set |, vars,(y). Finally, if @ is a set of terms or a set of formulae, we let
varsq (P) = U, e varss () and vars(®@) = U eq vars(p).

In the rest of this paper, we identify conjunctions of formulae @1 A - A @y,
with the set {¢1,...,¢on}



2.2 Semantics

Definition 1. Let X be a signature, and let X be a set of variables whose sorts
are in X5. A Y-INTERPRETATION A over X is a map which interprets each
sort o € X5 as a non-empty domain A,, each variable z € X of sort ¢ as an
element x4 € A,, each function symbol f € X¥ of arity oy X -+ x 0, — T as a
function fA: A,, x---x A, — A, and each predicate symbol p € X of arity
01 X - X 0, as a subset p# of Ay, X -+ X As,,.

A Y-STRUCTURE is a Y-interpretation over an empty set of variables. 0O

A Y-formula ¢ over a set X of variables is satisfiable if it is true in some
X-interpretation over X. Two X-formulae ¢ and i over a set X of variables are
equivalent if A = A, for all X-interpretations over X.

Let A be an 2-interpretation over some set V of variables. For a signature
¥ C 2 and a set of variables U C V, we denote with AV the interpretation
obtained from A by restricting it to interpret only the symbols in X' and the
variables in U. Furthermore, we let A¥ = A¥"9,

2.3 Theories

Following Ganzinger [9], we define theories as sets of structures rather than as
sets of sentences. More formally, we give the following definition.

Definition 2. A Y-THEORY is a pair (X, A) where X' is a signature and A is
a class of Y-structures. Given a theory T'= (X, A), a T-INTERPRETATION is a
Y-interpretation A such that A~ € A. O

Given a Y-theory T, a X-formula ¢ over a set X of variables is T'-satisfiable
if it is true in some T-interpretation over X. We write A =1 ¢ when A is a
T-interpretation satisfying ¢. Given a X-theory T, two X-formulae ¢ and v over
a set X of variables are T-equivalent if ¢ = ¢, for all T-interpretations over
X.

Given a X-theory T, the quantifier-free satisfiability problem of T is the
problem of deciding, for each quantifier-free X-formula ¢, whether or not ¢ is
T-satisfiable.

Definition 3 (Combination). Let T; = (X}, A;) be a theory, for ¢ = 1,2. The
COMBINATION of T} and T is the theory 71 & To = (X, A) where X' = Xy U X,
andA:{A|A21 € Ay and A*2 GAQ}. O

If & is a set of Y-sentences, we let Theory™ () = (X, A) be the theory such
that A is the class of all Y-structures satisfying .

Proposition 4. Let @; be a set of X;-sentences, for i =1,2. Then

Theory™ () @ Theory™2(Py) = Theory™ "2 (d; U d,). o



PROOF. Let

(X, A1) = Theory™ (1),
(X, Ay) = Theory™2(dy),

(X, A) = Theory™">2(d, Ud,),
(X,B) = Theory™ () @ Theory™>(Ps)

Then:

A1 e A; and A™2 € A,

AecB —
<~  A*" satisfies @, and A? satisfies B
<
e

A satisfies @1 U @9
AeA. ™

We introduce below several classes of theories. We will see how they relate
in Remark 10.

Definition 5 (Finite model property). Let X be a signature, let S C X5 be
a set of sorts, and let T' be a X-theory. We say that T has the FINITE MODEL
PROPERTY with respect to S if for every T-satisfiable quantifier-free X-formula
@ there exists a T-interpretation A satisfying ¢ such that A, is finite, for each
sort o € S. O

Definition 6 (Stable infiniteness). Let X be a signature, let S C X5 be a
set of sorts, and let T' be a X-theory. We say that T is STABLY INFINITE with
respect to S if for every T-satisfiable quantifier-free Y-formula ¢ there exists a
T-interpretation A satisfying ¢ such that A, is infinite, for each sort o € S.

Definition 7 (Smoothness). Let X be a signature, let S = {01,...,0,} C X5
be a set of sorts, and let T be a X-theory. We say that T" is SMOOTH with respect
to S if:

— for every T-satisfiable quantifier-free X-formula ¢,
— for every T-interpretation A satisfying ¢,
— for every cardinal number &1, ...,k such that k; > |A,,|, fori=1,...,n,

there exists a T-interpretation B satisfying ¢ such that

|Bo,| = ki, fori=1,...,n. O

Definition 8 (Finite witnessability). Let X be a signature, let S C X be a
set of sorts, and let 7' be a Y-theory. We say that T is FINITELY WITNESSABLE
with respect to S if there exists a computable function witness that for every
quantifier-free X-formula ¢ returns a quantifier-free X-formula v = witness(p)
such that:

(i) ¢ and (30)y are T-equivalent, where v = vars(y) \ vars(y);
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Figure 1: Relationships between classes of theories.

(ii) if ¢ is T-satisfiable then there exists a T-interpretation A satisfying ¢ such
that A, = [vars, (¢)]4, for each o € S. o

Definition 9 (Politeness). Let X be a signature, let S C X be a set of sorts,
and let T be a Y-theory. We say that T" is POLITE with respect to S if it is both
smooth and finitely witnessable with respect to S. O

Remark 10. Let X be a signature, let S C X5, and let T be a X-theory. Then
the following holds (cf. Figure 1):

— If T is smooth with respect to S then T is stably infinite with respect to S.
— If T is finitely witnessable with respect to S then T has the finite model
property with respect to S. O

3 Flat literals

In the rest of this report we will prove that several theories are polite.

For convenience, when proving that a X-theory T is smooth with respect
to a set S of sorts, we will restrict ourselves to conjunctions of flat X-literals.
Furthermore, when proving that T is finitely witnessable with respect to .S, we
will define the function witnesst by restricting ourselves to conjunctions I" of
flat X-literals such that vars,(I") # 0, for each sort o € S.

The following two propositions show that this can be done without loss of
generality.

Proposition 11. Let ¥ be a signature, let S = {o1,...,0,} C X5 be a set
of sorts, and let T be a X-theory. Assume that for every conjunction I' of flat
X-literals, for every T-interpretation A satisfying I", for every sort T € S, and
for every cardinal number k > |A.|, there exists a T-interpretation B satisfying
I' such that

|B-| =K,

and
|Bo| = |Aq], foroe S\ {r}.

Then T is smooth with respect to S. O




PROOF. It suffices to note that every quantifier-free X-formula is T-equivalent
toa DNF I7 V...V I}, such that all the I'; belong to L. u

Proposition 12. Let X be a signature, let S = {o1,...,0,} C X5 be a set of
sorts, and let T' be a X-theory. Also, let L be the set of all conjunctions I" of flat
X-literals such that vars,(I") # 0, for each sort o € S.

Assume that there exists a computable function w that, for every conjunction
I in L, returns a quantifier-free X-formula » = w(I") such that:

(i) T' and (30)¢ are T-equivalent, where © = vars(y) \ vars(I);
(i1) if ¢ is T-satisfiable then there exists a T-interpretation A satisfying 1 such
that A, = [vars,(¥)]A, for each o € S.

Then T is finitely witnessable with respect to S. O

PrROOF. We want to define a witness function witness on all quantifier-free 3-
formulae by using as a black box the function w defined on L.
To do so, let ¢ be a quantifier-free X-formula, and perform the following;:

— convert ¢ into a T-equivalent DNF I V- - -V I, such that vars, (I") # 0, for
each o € S;
— let witness() = w(l1) V- Vw(ly). m

4 The combination method

Let T; be a ;-theory, for i = 1,2, and let S = X7 N X5, Assume that:

— the quantifier-free satisfiability problem of T; is decidable, for ¢ = 1, 2;
- XFnyY =0and ¥ n XL = 0;
— T5 is polite with respect to S.

In this section we describe a method for combining the decision procedures for
the quantifier-free satisfiability problems of 77 and of T5 in order to decide the
quantifier-free satisfiability problem of T7 @ T,. Without loss of generality, we
restrict ourselves to conjunctions of literals.

The combination method consists of four phases: variable abstraction, witness
introduction, decomposition, and check.

First phase: variable abstraction. Let I' be a conjunction of (X U Xy)-literals.
The output of the variable abstraction phase is a conjunction I U I'; satisfying
the following properties:

(a) each literal in I is a Xy-literal, for ¢ = 1,2;
(b) I U Iy is (Th @ Ty)-satisfiable if and only if I' is (T} @ Tz)-satisfiable.

Note that properties (a) and (b) can be effectively enforced with the help of
fresh variables. We call I'] U I a conjunction of literals in separate form.



Second phase: witness introduction. Let 7 U I3 be a conjunction of literals in
separate form returned in the variable abstraction phase. In the witness introduc-
tion phase we compute ¥y = witnesst,(I2), and we output I3 U{ts}. Intuitively,
this phase introduces the fresh variables in vars(¢2) \ vars(I"), whose role is to
witness that certain facts hold for the polite theory 5.3

Third phase: decomposition. Let I't U {19} be the conjunction obtained in the
witness introduction phase. Let V, = vars,(¢2) for each o € S, and let V =
U,eg Vo In the decomposition phase we nondeterministically guess a family £
of equivalence relations E = {E, C V, x V, | 0 € S}. Then, we construct the
arrangement of V induced by F, defined by

arr(V,E)={a=~vy| (z,y) € E, and 0 € S} U
{z syl (2,y) € (Vo xVy)\ B, and o € S},

and we output the conjunction It U {th2} U arr(V, E).

Fourth phase: check. Let I't U {t)2} U arr(V, E) be a conjunction obtained in
the decomposition phase. The check phase consists in performing the following
steps:

Step 1. If I U arr(V, E) is Ty-satisfiable go to the next step; otherwise output
fail.

Step 2. If {¢2}Uarr(V, E) is Te-satisfiable go to the next step; otherwise output
fail.

Step 3. output succeed.

4.1 An example

Let X1 be the signature containing a sort elem, as well as two constant symbols
a and b of sort elem. Consider the X)-theory Ty = Theory™* (®;), where

D1 ={(Velem z)(x=a V z=Db)}.

Clearly, for every Tj-interpretation A, we have |Agjem| < 2. Therefore, 77 is not
stably infinite with respect to {elem}.

Next, consider the Yg-theory Ty of sets of elements. The signature X
contains, among other set-theoretical symbols, a sort elem for elements, and a
sort set for sets of elements. The theory Ty will be defined more formally in
Subsection 9. For this example, it suffices to know that T is polite with respect
to {elem}.

3 For instance, in the theory of arrays a literal a #Zarray b implies that there is an index
i such that read(a, ) % read(b, 7). Then, i can be thought of as a witness of a #array b.



Next, consider the following conjunction I of (X U Ye)-literals:

axb,
z 0

I = ’ ,
y#0,
zNy=~0

where z and y are set-variables.

Note that I" is (T} @ Teet)-unsatisfiable. To see this, assume by contradiction
that A is a (17 ® Tset)-interpretation such that I" is true in A. By the first literal
in I, we have |A¢em| = 1. However, by the three last literals in I', we have
| Aelem| > 2, a contradiction.

We want to formally detect that I" is (T} @ Tset)-unsatisfiable by using our
combination method.

Since all literals in I" are either X;-literals or Xy.-literals, in the variable
abstraction phase we do not need to introduce fresh variables, and we simply
return the two conjunctions:

z %0,
Flz{azb}7 Teet = y;é@’ 0
rNy =

In the witness introduction phase we need to compute witnessset(Iset). The
intuition behind the computation of witnessset(lset) is as follows.*

The literal % () implies the existence of an element w, in x. Likewise,
the literal y % 0 implies the existence of an element w, in y. The output of
witnessset(Iset) 1S a conjunction Age that makes explicit the existence of the
elements w, and w,. We can do this by letting

Wy € X,
Ager = wy €Y,
zNy =~

Note that et and (Jetlem We)(Jelem Wy) Aser are Teer-equivalent.

In the decomposition phase we need to guess an equivalence relation Fejem
over the variables in varseiem(Aset). Since varseem(Aset) = {ws, wy}, there are
two possible choices: either we guess (W, wy) € Felem Or We guess (wg,wy) ¢
Eelem-

If we guess (wy,wy) € FEelem then we have that Ager U {wy =~ wy} is Teet-
unsatisfiable, and we will output fail in step 2 of the check phase. If instead
we guess (Wg, Wy) ¢ Eelem then we have that It U{w, % w,} is Th-unsatisfiable,
and we will output fail in step 1 of the check phase.

Since the check phase outputs fail for any equivalence relation Fegjen of
VaTSelem (Aset), our combination method correctly concludes that I is (17 ® Teet )-
unsatisfiable.

4 A formal definition of a function witnesss: can be found in Subsection 9. For this
example, we prefer to stick to intuitive arguments.



4.2 Correctness and complexity

The correctness of our combination method is based on the following Combi-
nation Theorem, which is a particular case of a combination result holding for
order-sorted logic [11].

Theorem 13 (Combination). Let ¥y and Xy be signatures such that ¥ N
X¥ =0 and ¥ n XY = 0. Also, let &; be a set of X;-formulae, for i = 1,2.
Then ©1UDs is satisfiable if and only if there exists an interpretation A satisfying
@1 and an interpretation B satisfying @2 such that:

() 1A5] = |Bo], for every o € 550 55,
(ii) A = y? if and only if 2B = yB, for every x,y € vars(P1) Nvars(P2). 0

Proposition 14. Let T} be a X;-theory such that XY NYY = () and XY NXY =0,
fori =1,2. Assume that Ty is polite with respect to S = XSNXS. Also, let I1UT,
be a conjunction of literals in separate form, and let 1o = witnesst, (Is). Finally,
let Vo, = varsy,(12), for each o € S, and let V = J_ .4 Vi. Then the following
are equivalent:

ceS

1. IN U Ty is (Ty @ Ts)-satisfiable;
2. There exists a family E of equivalence relations

E={E,CV,xV,|o€S},

such that I''Uarr(V, E) is Ty -satisfiable and {¢2 }Uarr(V, E) is Ty -satisfiable.q

PROOF. (1 = 2). Assume that I'1UTI% is (11 & T»)-satisfiable. Let © = vars(¢2) \
vars(Iy). Since I'» and (30)1)y are Tr-equivalent, it follows that It U{¢s} is also
(Th ® Ty)-satisfiable. Thus, we can fix a (T} @ Ty)-interpretation A satisfying
It U{y2}. Next, let E={E, | o €S} where

EU:{(Iay)|xay€VaandxA:yA}, foroceS.

By construction, we have that It U arr(V, E) is Ti-satisfiable and {2} U
arr(V, E) is Ty-satisfiable.

(2 = 1). Let A be a Ty-interpretation satisfying Iy U arr(V, E), and let B be a
Ty-interpretation satisfying {12} U arr(V, E). Since T is finitely witnessable, we
can assume without loss of generality that B, = V.2, for each o € S.

Thus, for each o € S, we have

|B,| = |VB] since By = VP
= |VA since both A and B satisfy arr(V, E)
< |As| since VUA CA,.

10



But then, by the smoothness of T5, there exists a Th-interpretation C satisfy-
ing {¢o} Uarr(V, E) such that |C,| = |A|, for each o € S. We can therefore ap-
ply Theorem 13 to A and C, obtaining the existence of a (T} ®T»)-interpretation
F satisfying It U {¢p2} U arr(V, E). Since Iy and (30)12 are Th-equivalent, it
follows that F also satisfies Iy U I5. n

Using Proposition 14 and the fact that our combination method is terminat-
ing, we obtain the correctness of our combination method.

Theorem 15 (Correctness and complexity). Let T; be a X;-theory, fori =
1,2. Assume that:

— the quantifier-free satisfiability problem of T; is decidable, for i =1,2;
- 2PN =0 and XY n P = 0;
— Ty is polite with respect to X5 N X5.

Then the quantifier-free satisfiability problem of is decidable.

Moreover, if the quantifier-free satisfiability problems of Ty and of T» are in
NP, and witnesst, is computable in polynomial time, then the quantifier-free
satisfiability problem of Th & Ty is NP-complete. O

ProoFr. Clearly, the decidability of the quantifier-free satisfiability problem of
T1 @ T; follows by Proposition 14 and the fact that our combination method is
terminating.

Concerning NP-hardness, note that if we can solve the quantifier-free satis-
fiability problem of T} @ T3, then we can also solve propositional satisfiability.

Concerning membership in NP, assume that the quantifier-free satisfiabil-
ity problems of 77 and of Ty are in NP, and that witnessr, is computable
in polynomial time. Without loss of generality, it is enough to show that in
nondeterministic polynomial time we can check the (T} @ T5)-satisfiability of
conjunctions of (X U Xy)-literals. To see this, note that the execution of our
combination method requires to guess an arrangement over a set of variables
whose cardinality is polynomial with respect to the size of the input. This guess
can be done in nondeterministic polynomial time. n

Theorem 15 can be repeatedly applied to consider the union of n theories
T1®---&T,, where Ty, ..., T, are polite with respect to the set of shared sorts.
This leads to the following generalization of Theorem 15 for n theories.

Theorem 16. Let n > 2, and let T; be a X;-theory, for 1 < i < n. Also, let
S = U#j(ﬂis N Z‘]S) Assume that:

the quantifier-free satisfiability problem of T; is decidable, for 1 < i < n;

- Ui;éj(zis N E]S) = ﬂz Eis;

XN =0and Xy NX} =0, for 1 <i<j<n;

— T; is polite with respect to S, for 2 <i <n.

Then the quantifier-free satisfiability problem of Ty & - -- ® T, is decidable.
Moreover, if the quantifier-free satisfiability problem of T; is in NP, for 1 <

i < n, and witnesst, is computable in polynomial time, for 2 < i < n, then the

quantifier-free satisfiability problem of Ty @ --- @& T, is NP-complete. O

11



PROOF. We proceed by induction on n. If n = 2 we can apply our combination
method to T} and T3, and the claim follows by Theorem 15. If instead n > 2, it
suffices to apply our combination method first to T} and 75, and subsequently
toTy ®To, Ts, ..., Th. ™

5 Shiny theories

Shiny theories were introduced by Tinelli and Zarba [12] in order to extend the
one-sorted version of the Nelson-Oppen method to the combination of nonstably
infinite theories. Shiny theories are interesting because every shiny theory S can
be combined with any other theory T, even if the latter is not stably infinite.

The notion of shininess was originally introduced in one-sorted logic, and
in this section we generalize it to many-sorted logic. We also prove that, under
rather weak assumptions, shininess is equivalent to politeness in one-sorted logic.
The equivalence is less clear in many-sorted logic.

Definition 17. Let T be a X-theory, let S C X5, and let ¢ be a T-satisfiable
quantifier-free X-formula. We denote with mincardr s(¢) the minimum of the
following set of cardinal numbers:

{(I;lggIA[;I) | Ar w} : 0

Remark 18. Let T be a X-theory that has the finite model property with
respect to S. Then, for every T-satisfiable quantifier-free X'-formula ¢, we have
mincardr s(p) € NT. 0

Definition 19 (Shininess). Let ¥ be a signature, let S C X5 be a set of sorts,
and let T be a X-theory. We say that T is SHINY with respect to S if:

— T is smooth with respect to S;
— T has the finite model property with respect to .S;
— mincardr s is computable. 0O

The following proposition shows that shinineness always implies politeness.

Proposition 20. Let T be a shiny theory with respect to a set S of sorts. Then
T is polite with respect to S. O

PROOF. By assumption, T is smooth with respect to S. To prove that T is also
finitely witnessable with respect to S, let ¢ be a T-satisfiable quantifier-free
Y-formula, and let n = mincardr s(p).

Then there exists a T-interpretation 4 satisfying ¢ such that |4,| < n, for
each o € S. Therefore, for each o € S, we can let 4, = {af,.. .,aga}, with
ke < n.
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For each sort o € S, let wy, ..., wg be fresh variables of sort o not occurring
in ¢. Consider the formula:

R N A AR
ceSi=1
Clearly, ¢ and (3w)1) are T-equivalent, where @ = vars() \ vars(p). Moreover,
1) is true in the T-interpretation B obtained by extending A as follows:

IT)B: ag, if'LSko7
af, ifi> k.

But then, we can define a witness function for T by letting witness(p) = .m

The following proposition establishes sufficient conditions under which po-
liteness implies shininess.

Proposition 21. Let X be a signature, let S C X5 be a set of sorts, and let T
be a X-theory. Assume that:

—yS = S;

— X is finite;

— For each X-interpretation A such that \J,.q Ay is finite, it is decidable to
check whether A is a T-interpretation or not;

— T 1is polite with respect to S.

Then T is shiny with respect to S. O

PrOOF. By assumption, T is smooth with respect to S. Also, T has the finite
model property with respect to S.

Next, we claim that the function mincardr s can be effectively computed
by the procedure MINCARD in Figure 2. To see this, we need to show that the
procedure MINCARD is terminating and partially correct.

Concerning termination, just note that since X5 = S, it follows that, for
each k > 0, the number of interpretations enumerated (modulo isomorphism) in
line 4 is finite.

Concerning partial correctness, assume that the procedure MINCARD ex-
its at line 6. Then there exists an integer k such that ¢* = true, for some
T-interpretation A such that |A,| < k, for all ¢ € S. Moreover, for all T-
interpretations B such that |B,| < k — 1, for all ¢ € S, we have ¢©® = false.
Therefore, mincardr s(p) = k.

Next, assume that the procedure MINCARD exits at line 7. It follows that for
all T-interpretations B such that |B,| < n—1, for all o € S, we have p? = false.
This implies that mincardr s(¢) > n. Moreover, since

n=max{j | j= |vars,(witness(y))| and o € S},

it follows that there exists a T-interpretation A such that ¢ = true and |A,| <
n, for all o € S. This implies that mincardr s(¢) < n.

13



Input: A T-satisfiable quantifier-free X-formula ¢
Output: mincardr,s(p)

1: procedure MINCARD(yp)

2 n«—max{j | j=|vars,(witness(y))| and o € S}

3 for k+—1ton—1do

4: for all X-interpretations A over vars(y) s.t. k = maxoses |As| do
5 if A E=r ¢ then

6 return k

7 return n

Figure 2: A procedure for computing mincardr, .

Since mincardr (p) > n and mincardr s(¢) < n, we obtain mincardr s(p) =
n. ]

When ‘E o | = 1, Proposition 21 tells us that in the one-sorted case politeness
and shininess are the same concept for all practical purposes. When |E S | > 1, the
hypothesis X5 = S may be too strong. Consequently, the equivalence between
politeness and shininess is less clear in the many-sorted case.

6 Equality

Definition 22. The THEORY OF EQUALITY with signature X is the theory T3 =
(X, A), where A is the class of all X-structures. o

6.1 Smoothness

Proposition 23. Let X be a signature, and let T € £5. Also, let I' be a satisfi-
able conjunction of flat X-literals, let A be a X-interpretation satisfying I, and
let k> |A;|.

Then there exists a X -interpretation B satisfying I such that

K, ifo=r,
|Bg|={ g -

|As|, otherwise.

PROOF. Let V, = vars,(I'), for 0 € X5, and let V = |, . 5s V. We construct a
XY-interpretation B over V as follows. Fix a set A’ such that |4, U A’| = k, and
let
B, — A UA, if0:7.',
A, otherwise ,

and

z° =x, for each variable x € V.
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In order to define B over the symbols in X, fix an element af in A,, for each
o € X5. Then, we let:

— for function symbols f of arity o4 X -+- X 0, — 0

Alay,...,a,), ifay € Ag,,...,an € Ay, ,
fl”’(al,...,am:{f (o), T :

ag , otherwise ,
— for predicate symbols p of arity o1 X -+ X 0,:

(a1,...,a,) €p® — a1 € Ayyy.. . an € Ay, and (a,...,a,) € p™.

By construction, B is a 7,3 -interpretation such that | B, | = k and |B,| = | A4/,
for o # 7. Next, we show that B satisfies all literals in I".

Literals of the form x =y and x # y. Immediate.

Literals of the form x = f(y1,...,yn), where [ is a function symbol of arity
o1 X -+ X 0, — 0. We have:

2B = A
A )
:fB(ZhB;,yS) since (yf,,y;;‘) EAal X”.XAUn'

Literals of the form p(y1,...,yn) and =p(y1,...,yn), where p is a predicate sym-

bol of arity oy X - -~ x 0y, Just observe that, since (y1',..., ) € Ay, X+ X Ay, ,
we have that (yii,...,y7t) € p iff (v%,...,95) € p5. -
Proposition 24 (Smoothness). For each signature X, and for any non-empty
set of sorts S C XS, the theory T is smooth with respect to S. O
PRrROOF. By Propositions 11 and 23. n

6.2 Finite witnessability

Witness function. A witness function witnessx for T2 can be defined as follows.
Without loss of generality, let I' be a conjunction of flat X-literals such that
varsy(I') # 0, for each sort o € S. Then we simply let witness~(I") = I.

Proposition 25. Let I" be a conjunction of flat X-literals, and let S C XS. As-
sume that vars,(I') # O, for each sort o € S. Then the following are equivalent:

1. T is satisfiable.
2. There exists a X-interpretation A satisfying I' such that A, = [vars,(I)]4,
for each sort o € S. O

15



PROOF. (2= 1). Immediate.

(1 = 2). Let V, = varse(I'), for 0 € X5, and let V = |J,cxs Vo. Since I' is
satisfiable, there exists a X-interpretation B satisfying I". We will use I" in order
to construct an opportune T2 -interpretation A.

For o € S, denote with ~, the equivalence relation over the X-terms over V'
of sort o, defined by s ~, t iff s& = tB. In the following, we write ~ in place of
~, when the sort o is clear from the context.

Next, let T, be the set of terms of sort o that occur in I'. If for a sort o we
have T, = 0, fix a fresh variable x§ of sort o.

Let A be the Y-interpretation over V' and the variables zf§ constructed as
follows. First, we let

s {TJ/N, i T, 40,

{[z§]~}, otherwise.

and

= [z]~, for each variable x .

In order to define A over the symbols in ¥, fix an element af in A,, for each
o € XS, Then, we let:

— for function symbols f of arity o1 X -+ X 7,, — 0

[f(tl, R ,tn)]N , if f(tl, ce ,tn) eT,,
ag , otherwise ,

fA([t1]~7 sy [tn]N) - {
— for predicate symbols p of arity o1 X -+ X oy:
([tl]’\*a"'a[tn]’\/) EpA — (t{gaatg) EpB'

Note that A is a well-defined X-interpretation, and that A, = [vars,(I")]*4,
for each sort o € S. Next, we show that A satisfies all literals in I".

Literals of the form x =y and x # y. Immediate.

Literals of the form x = f(y1,...,yn), where [ is a function symbol of arity
o1 X -+ X 0, — 0. We have:

= [x]~
=[fyi, - yn)l~
:fA([yl}N,...,[yn]N) since f(y1,...,yn) € Ts

16



Literals of the form p(y1,...,yn) and —p(y1, ... ,Yn), where p is a predicate sym-
bol of arity o1 X -+ X 0,. Just observe that:

(WF, . y5) €p® = (lyil~s-- -, ) ~) € p™

= (y{',....y0) ept. n

Proposition 26 (Finite witnessability). For each signature X, and for any
nonempty set of sorts S C XS, the theory TZ is finite witnessable with respect
to S. O

ProOOF. By Propositions 12 and 25. n

6.3 Politeness

Theorem 27 (Politeness). For each signature X, and for any nonempty set

of sorts S C X5, the theory T.Z is polite with respect to S. O
PrOOF. By Propositions 24 and 26. n
7 Lists

Let A be a nonempty set. A list x over A is a sequence {(aq, ..., a,), where n > 0

and {a1,...,a,} € A. We denote with A* the set of lists over A.
The theory of lists T}y has a signature Xy containing a sort elem for elements
and a sort list for lists of elements, plus the following symbols:

— the constant symbol nil, of sort list;
— the function symbols

e car, of arity list — elem;

e cdr, of arity list — list;

e cons, of arity elem x list — list.

Definition 28. A STANDARD list-INTERPRETATION A is a Yjii-interpretation
satisfying the following conditions:

— car((e1,...,e,)) = ey, for each n > 0 and ey, ..., e, € Aciem;

— cdr*({e1,...,en)) = (ea,...,ep), for each n. >0 and ey, ..., en € Acem:

— cons?(e, (e1,...,en)) = (e,e1,...,e,), for each n > 0 and e,eq,...,e, €
Aelem

The THEORY OF LISTS is the pair Tjisy = (XZist, A), where A is the class of all
standard list-structures. 0O
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7.1 Smoothness

Proposition 29. Let A be a Tis-interpretation satisfying a conjunction I' of
flat Xyist-literals, and such that Aeem 1 finite. Then there exists a Tjist-interpretation
B satisfying I' such that |Belem| = K, for each cardinal number k > |Adem|- O

PRrOOF. Let V,, = vars,(I"), for o € {elem, list}. We construct a Tjii-interpretation
B over Veem U Vit as follows. Fix a set A’ such that |Aeem U A’| = &, and let

Belem = Aelem U Alv

and

e” = eA, for each elem-variable e € Vgjem ,

° = xA, for each list-variable x € Vi, .

By construction, B is a Tjs-interpretation such that |Beem| = . Moreover,
it is trivial to check that B satisfies all literals in I". ]

Proposition 30 (Smoothness). The theory Tist is smooth with respect to {elem}.

PRrOOF. By Propositions 11 and 29. ™

7.2 Auxiliary functions

In order to prove that the theory Tjg is finitely witnessable with respect to
{elem}, we will use the auxiliary functions compress and .

Given x € A* and X C A, the function compress returns the list obtained
from z by removing all elements that are not in X. Formally:

O, ifn=0,
compress({ai,...,an), X) = < (ay) o compress((az,...,an), X), ifn>0anda; € X,
compress({ag, ..., ), X), otherwise,

where o is the concatenation operator over lists.
Given x,y € A*, the function 0 tests whether x = y or = # y. Formally:

0, ifn=0and m=0,
{ai}, ifn>0and m=0,

Mlat, .. an), [Br,. s Bml) = S {B1}, ifn=0and m>0,
{a1, 01}, if n,m >0 and oy # 31,
0([ag, ..., anl,[B2, ..., Bm]), otherwise.

Proposition 31. For all lists x,y, the following holds:

(a) = 4y if and only if 8(z,y) # 0;
(b) forany set X, if x # y and 6(x,y) C X then compress(x, X) # compress(y, X).o
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7.3 Finite witnessability

Witness function. A witness function witness)s; for the theory Tjs;: can be defined
as follows. Without loss of generality, let I" be a conjunction of flat X)-literals
such that varseem (") # 0. We let witness;s(I") be the result of applying to I’
the following transformations:

— Replace each literal of the form e = car(z) in I" with the formula z % nil —
x =2 cons(e, y’), where 3 is a fresh list-variable.

— Replace each literal of the form = =~ cdr(y) in I" with the formula = % nil —
y =~ cons(e’, x), where €’ is a fresh elem-variable.

— For each literal of the form x %t y in I', generate two fresh elem-variables

/ 7" : I mo ay! 1" e I
wy ,, and wy , and add the literals w;, , ~ w; , and wy , ~wy , to I'.

Remark 32. Let I' be a conjunction of flat Xjg-literals, let A = witnessjs(I),
and let v = vars(A) \ vars(I"). Then I" and (3v)A are Tjg-equivalent. o

Proposition 33. Let I" be a conjunction of flat Xy -literals such that varseem(I”) #
B, and not containing any literal of the form e = car(z) and x = cdr(y). Also,
let k be the number of literals of the form x % y occurring in I'. Then the
following are equivalent:

1. I is Tjist-satisfiable.
2. There exists a Tisi-interpretation A satisfying I' such that

Aelem = [va'rselem (F)}A ) Ala

where |A’] < 2k. o

PROOF. (2 = 1). Immediate.

(1 =2). Let V, = vars,(I"), for o € {elem, list}. Since I is Tjist-satisfiable, there
exists a Tjs-interpretation B satisfying I'. We will use B in order to construct
an opportune Tji.-interpretation A.

More specifically, we let A be the unique Tjs-interpretation constructed by
letting

Aelem = VB U

elem

{ac€ 6(w37y8) | the literal 2 # y is in I'} ,
and

et =é€b, for each elem-variable e € Vjem ,

x = compress (Z‘B , Ae|em) , for each list-variable x € Vi -

Note that A is a well-defined Tjs;-interpretation, and that Aejem = Ve“l‘ém UA’,

for a set A’ such that |A’| < 2k. Next, we show that A satisfies all literals in I'.
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Literals of the form e ejem €2 and €1 Feem €2. Immediate.

Literals of the form x =&t y. We have

ot = compress (SL‘B, Ae|em)

= compress (yB, Ae|em)
= yA .
Literals of the form x s y. By Proposition 31 (with X = Agem)-

Literals of the form x =~ nil. We have

At = compress (xB, Ae|em)

compress({), Aelem)

= ().

Literals of the form x ~ cons(e,y). We have

= compress (xB, Ae|em)
= compress (<eB> o yB, Ae|em)
= <eB> o compress (yB, Ae|em) since €® € Aetem

— (eA)oyh .

Proposition 34 (Finite witnessability). The theory Tis is finitely witness-
able with respect to {elem}. O

PRrROOF. By Propositions 12, Remark 32, and Proposition 33. n

7.4 Politeness

Theorem 35 (Politeness). The theory Tis is polite with respect to {elem}. o

PrOOF. By Propositions 30 and 34. n

7.5 A conjecture.

We conjecture that a more efficient witness function witnessg, for Tjs can be
defined as follows. Without loss of generality, let I" be a conjunction of flat Y-
literals such that varseem(I") # 0. We let witness|g, be the result of applying to
I" the following transformation:

— Replace each literal of the form x ~ cdr(y) in I" with the formula z % nil —
y = cons(¢’, x), where €’ is a fresh elem-variable.

We do not have yet a formal proof of this claim.
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8 Arrays

The theory of arrays Tuay has a signature Y., containing a sort elem for
elements, a sort index for indices, and a sort array for arrays, plus the following
two function symbols:

— read, of sort array x index — elem;
— write, of sort array x index X elem — array.

Notation. Given a: I — E, i € I and e € F, we define a;_, : I — F as follows:
aise(i) = e and a;¢(j) = a(y), for j # i.

Definition 36. A STANDARD array-INTERPRETATION A is a X, -interpretation
satisfying the following conditions:

- Aarray = (Aelem)Ai"dex§
— readA(a, i) = a(i), for each a € Aaray and ¢ € Ajnges;
— write” (a,,€) = Gjse, for each a € Ayrray, @ € Ajndex, and e € Aejem.

The THEORY OF ARRAYS is the pair Thyray = (Xaray, A), where A is the class of
all standard array-structures. O

8.1 Smoothness

Proposition 37. Let A be a Tyray-interpretation satisfying a congunction I’
of flat Xaray-literals, and such that Aingex is finite. Then there exists a Tyray-
interpretation B satisfying I' such that |Beem| = |Aelem| and |Bindex| = &, for
each cardinal number k > |Aindex|- O

PROOF. Let V, = vars,(I), for o € {elem,index, array}. We constructs a Tyray-
interpretation B over Veem U Vindex U Varray as follows. Fix a set A’ such that
| Aindex U A’| = K, and let

Bindex = Aindex ua’ y

Belem = Aelem )
and
iB = iA, for each index-variable i € Vi gex ,
B = eA, for each elem-variable e € Vgjem -

In order to define B over the array-variables, fix an element eg € Agjem. Then, for
each array-variable a € Viyray, we let

5(0) = {aA(i), if i € Aingex s

o, otherwise .

By construction, B is a Tray-interpretation such that |Bejem| = |Aelem| and
| Bindex| = . Next, we show that B satisfies all literals in I
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Literals of the form e1 Reem €2, €1 Felem €2, § Rindex J, AN T Findex j- Immediate.

Literals of the form a ~apay b. Let i € Bindex- If i € Ajndex then aB(i) = a(i) =
bA (i) = bB(i). If i ¢ Aindex then aB(i) = eg = aB(i). Thus, a® = b5.

Literals of the form a #aray b. Since at # b4, there exists an index i € Ajndex
such that a” (i) # b (3). It follows that a®(i) # b5 (i), which implies a® # b5.
Literals of the form e ~ read(a,i). We have:
eB _ e.A
= [read(a, )]
= ot (i)

— 48 (iB) since it € Alindex -

Literals of the form a = write(b,i,e). We have aB(i%) = a?(i?) = eA = €B.
a

J
a:(j) - bA(5) = bB(j5). If instead j ¢ Ajndex then aB(j) = ey = b5(j). Thus,
a :bi5>—>55' u

Proposition 38. Let A be a Tiray-interpretation satisfying a conjunction I’
of flat Xyrray-literals, and such that Aeem is finite. Then there exists a Tyrray-
interpretation B satisfying I' such that |Bindex| = |Aindex|] and |Belem| = &, for
each K > | Aelem|- O

PROOF. Similar to the proof of Proposition 37. n

Proposition 39 (Smoothness). For any non-empty set of sorts S C {elem, index},
the theory Thray is smooth with respect to S. O

ProOOF. By Propositions 11, 37, and 38. n

8.2 Finite witnessability

Witness Function. A witness function witnessaray for the theory 7.y can be
defined as follows. Without loss of generality, let I" be a conjunction of flat Xyray-
literals such that varsindex(I") # 0 and varseem(I") # 0. We let witnessaray(I") be
the result of applying to I" the following transformation:

— Replace each literal of the form a %,y b in I' with a literal of the form
read(a,i’) % read(b, '), where i’ is a fresh index-variable.

Remark 40. Let I" be a conjunction of flat X,ray-literals, let A = witnessapray (1),
and let o = vars(A) \ vars(I'). Then I" and (30)A are Tyyay-equivalent. o

Proposition 41. Let I' be a conjunction of flat Xaray-literals such that varsingex(I) #
0 and varseem(I") # 0, and not containing any literal of the form x Zapay y. Then
the following are equivalent:
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1. I' is Tyray-satisfiable.
2. There exists a Taray-interpretation A satisfying I' such that Aindex = [va7Sindex(I")]
and Agem = [vVarseem ()] O

A

PROOF. (2= 1). Immediate.

(1 = 2). Let V, = wvars,(I"), for o € {elem,index,array}. Since I' is Thray-
satisfiable, there exists a Tjay-interpretation B satisfying I'. We will use B in
order to construct an opportune Tyray-interpretation A.

More specifically, we let A be the Tray-interpretation over Veiem U VindexU Varray
constructed as follows. First, we let

Aindex = VB

index »
B
Aelem = V;Iem )
and
iA =B , for each index-variable i € Vi gey ,
et = eB, for each elem-variable e € Vgjem -

In order to define A over the array-variables, fix an ey € Aeem. Then, for each
a € Viyrray and @ € Vingex, we let

CLA (’LA) _ aB(iB> ) if aB(iB) € Aelem )
€q, otherwise .

Note that A is a well-defined Tyray-interpretation, and that A, = [vars,(I” A,
for o € {index, elem}. Next, we show that A satisfies all literals in I".

Literals of the form e1 ~eem €2, €1 Felem €2, T Rindex J, 0N & Findex j- Immediate.

Literals of the form a =anay b. Let i € Ajngex- If aB (iB) € Aejem then a? (zA) =
aB (%) = b8 (iB) = b4 (i#). If instead P (i) ¢ Agem then a?(it) = ey =
bA (A

Literals of the form e ~ read(a, ). We have:

A eB

= [read(a, ))?
G

A (ZA) since o (iB) € Aclem -

a
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Literals of the form a = write(b,4,e). Since a® (iB) = B € Agem, we have we

have a (i) = b8 (iB) = B = eA. Next, let j € Ajpdex such that j # i If
aB(j) € Aeiem then a(j) = aB(j) = b5(j) = b (j). If instead a®(j) ¢ Aelem then
at(j) = eo = bA(j). n

Proposition 42 (Finite witnessability). For any nonempty set of sorts S C
{elem, index}, the theory Tirray 15 finite witnessable with respect to S. 0O

Proor. By Propositions 12, Remark 40, and Proposition 41. n

8.3 Politeness

Theorem 43 (Politeness). For any nonempty set of sorts S C {elem,index},

the theory Thmay s polite with respect to S. O
Proor. By Propositions 39 and 42. n
9 Sets

The theory of sets Ty has a signature Y containing a sort elem for elements
and a sort set for sets of elements, plus the following symbols:

— the constant symbol (), of sort set;
— the function symbols:
e {-}, of sort elem — set;
e U, N, and \, of sort set x set — set;
— the predicate symbol €, of sort elem x set.

Definition 44. A STANDARD set-INTERPRETATION A is a Yg-interpretation
satisfying the following conditions:

- Aset = P(Aelem);
— the symbols 0, {-}, U, N, \, and € are interpreted according to their standard
interpretation over sets.

The THEORY OF SETS is the pair Teet = (Yeet, A), where A is the class of all
standard set-structures. 0
9.1 Smoothness

Proposition 45. Let A be a Tei-interpretation satisfying a conjunction I' of
flat Xt -literals, and such that Agem 18 finite. Then there exists a Tser-interpretation
B satisfying I' such that |Belem| = K, for each k > |Aejem|- O
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PROOF. Let V, = vars,(I'), for o € {elem,set}. We construct a Tyei-interpretation
B over Vejem U Vier as follows. Fix a set A’ such that |Agem U A’| = &, and let

Belem = Aelem ) Ala
and

e” = eA, for each elem-variable e € Vgjem ,

2B = g4 , for each set-variable x € Vi .

By construction B is a Tye-interpretation such that | Beem| = &. Moreover, it
is trivial to check that B satisfies all literals in I'. n

Proposition 46 (Smoothness). The theory Tee is smooth with respect to the
sort elem. 0O

PRrROOF. By Propositions 11 and 45. n

9.2 Finite witnessability

Witness Function. A witness function witnessse for the theory Ty can be de-
fined as follows. Without loss of generality, let I" be a conjunction of flat Y-
literals such that varseiem(I") # 0. We let witnessse:(I') be the result of applying
to I" the following transformation:

— Replace each literal of the form x g y in ' with a literal of the form
e € (z\y)U(y\z), where ¢’ is a fresh elem-variable.

Remark 47. Let I' be a conjunction of flat X-literals, let A = witnessser(I),
and let v = vars(A) \ vars(I"). Then I" and (F0)A are Tit-equivalent. o

Proposition 48. Let I" be a conjunction of flat Xeet-literals such that varseem(I”) #
0, and not containing any literal of the form ¥ %s y. Then the following are
equivalent:

1. I' is Tyet-satisfiable.
2. There exists a Toer-interpretation A satisfying I' such that Aeem = [varseem ()] .0

PRrROOF. (2= 1). Immediate.

(1= 2). Let V, = vars,(I'), for o € {elem,set}. Since I" is Teer-satisfiable, there
exists a Tye-interpretation B satisfying I'. We will use B in order to construct
an opportune Tie-interpretation A.
More specifically, we let A be the Ti-interpretation over Veem U Veer con-
structed by letting
Aelem = VB

elem »
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and

et =e”, for each elem-variable e € Vgjem ,

z? = 2% N Adem , for each set-variable z € Vi .

By construction, A is a well-defined T-intepretation such that Agem =
[varseem(I")]*. Next, we show that A satisfies all literals in I'.

Literals of the form e ejem €2 and €1 Feem €2. Immediate.

Literals of the form & ~st y. We have 24 = 28 N Acjem = ¥2 N Agem = y.
Literals of the form x ~ (. We have 24 = 28 N Aejem = 0 N Agtem = 0.

Literals of the form x ~ {e}. We have 2 = 28 N Agem = {eB} N Aeclem = {eB}.

Literals of the form x ~yU z. We have 2 = 28 N Agjem = (yB U zB) N Aclem =
(yB N Ae|em) U (zB N Ae|em) =yAUzA

Literals of the form x ~ y N z. We have A = 28N Agem = (yB N ZB> N Aglem =
(yB N Ae|em) N (zB N Ae|em) =yAnNzA

Literals of the form x =y \ z. We have 24 = 28 N Agjem = (yB \ zB) N Aglem =
(yB N Aelem) \ (ZB N Aelem) = yA \ zA.

Literals of the form e € x and e & x. Just observe that e € Agem. -

Proposition 49 (Finite witnessability). The theory Ty is finitely witness-
able with respect to {elem}. O

Proor. By Proposition 12, Remark 47, and Proposition 48. ]

9.3 Politeness

Theorem 50 (Politeness). The theory Tee is polite with respect to {elem}. o

PRrOOF. By Propositions 46 and 49. ™

10 Multisets

Multisets—also known as bags—are collections that may contain duplicate ele-
ments. Formally, a multiset z is a function z : A — N, for some set A.

We use the symbol [] to denote the empty multiset. When n > 0, we write
[[e]](") to denote the multiset containing exactly n occurrences of e and nothing
else. When n < 0, we let [e]™ = [].

Let x,y be two multisets. Then:
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— their union xUy is the multiset z such that, for each element e, the equality
z(e) = max(z(e), y(e)) holds;

— their sum x Wy is the multiset z such that, for each element e, the equality
z(e) = z(e) + y(e) holds;

— their intersection x Ny is the multiset z such that, for each element e, the
equality z(e) = min(z(e),y(e)) holds.

The theory of multisets Ti,,g has a signature X},,g containing a sort int for
integers, a sort elem for elements, and a sort bag for multisets, plus the following
symbols:

— the constant symbols:
e 0 and 1, of sort int;
e [], of sort bag;
— the function symbols:
e 4. — max, and min, of sort int X int — int;
o []%), of sort elem x int — bag;
e U, W, and N, of sort bag x bag — bag;
e count, of sort elem x bag — int;
— the predicate symbol <, of sort int X int.

Definition 51. A STANDARD bag-INTERPRETATION A is a Yp,g-interpretation
satisfying the following conditions:

- Aint = Z’
_ Abag — NAelem;
— the symbols 0, 1, +, —, max, min, and < are interpreted according to their

standard interpretation over the integers;

— the symbol [], U, N, \, []) are interpreted according to their standard
interpretation over multisets;

— count?(e, z) = z(e), for each € € Agem and = € Apag.

The THEORY OF MULTISETS is the pair Thag = (Xbag, A), where A is the class of
all standard bag-structures. O

10.1 Smoothness

Proposition 52. Let A be a Thag-interpretation satisfying a conjunction I" of
flat Xyag-literals, and such that Aeem 15 finite. Then there exists a Thag-interpretation
B satisfying I' such that |Belem| = K, for each k > |Aelem]|- O

PROOF. Let V, = wars,(I"), for o € {elem,int,bag}. We construct a Thag-
interpretation B over Veiem U Vint U Viag as follows. Fix a set A’ such that |Aejem U
A’| = k, and let

Belem = Aelem ) A/,
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and

e” = eA, for each elem-variable e € Vgjem ,

uB =u?t, for each int-variable u € Vi .

Furthermore, for every bag-variable x € Vi, and e € Belem, we let
B zA(e), if e € Acem,
z”(e) = .
0, otherwise .
By construction, B is a Tpag-interpretation such that | Belem| = . Next, we
show that B satisfies all literals in 1.

Literals of the form €1 ejem €2, €1 Felem €2, U it U, and u Fiy v. Immediate.

Literals of the form x ~pag y. Let € € Belem. If € € Agjem then 2B(e) = zt(e) =
y™(e) = yB(e). If € ¢ Ajngex then 25(e) = 0 = yB(e). Thus, 25 = yB.

Literals of the form x #pag y. Since z2 # yA, there exists an e € Agem such
that x4 (e) # y*(e). It follows that 25 (e) # 35 (e), which implies 28 # ¢/5.

Literals of the form uw = 0, v = 1, u 8 v+ w, u & v — w, u ~ max(v,w),
u &~ min(v, w). Immediate.

Literals of the form x = [e]™). Since €8 € Agem, we have z5(e5)
u? = uB. Next, let € € Beem such that ¢ # eB. If ¢/ € Agem

t
zA(e') = 0. If instead €’ ¢ Agem then 25(e’) = 0. Thus 28 = [[eB]](

= at(c?)

hen 25 (¢’)
uB

Literals of the formx =~ yUz, x =~ yWz, and x =~ y N z. This case is similar to
the case of literals of the form z ~ [e] (™).

Literals of the form u ~ count(z,e). Since €8 € Agem, we have uf = u# =

A (4) = 2B (B). .
Proposition 53 (Smoothness). The theory Thag is smooth with respect to {elem}.

PRrOOF. By Propositions 11 and 52. ™

10.2 Finite witnessability

Witness Function. A witness function witnesspag for the theory Th,g can be
defined as follows. Without loss of generality, let I" be a conjunction of flat Xp,s-
literals such that varseem (") # 0. We let witnesspag(I") be the result of applying
to I' the following transformation:

— Replace each literal of the form x %,z v in I” with a literal of the form
count(e’, ) % count(e’,y), where €’ is a fresh elem-variable.
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Remark 54. Let I" be a conjunction of flat Xy,,g-literals, let A = witnesspag (1),
and let © = vars(A) \ vars(I"). Then I" and (30)A are Thag-equivalent. o

Proposition 55. Let I" be a conjunction of flat Xpag-literals such that varseiem(I") #
0, and not containing any literal of the form x #pag y. Then the following are
equivalent:

1. I is Thag-satisfiable.
2. There exists a Tpag-interpretation A satisfying I' such that Aeem = [vaTSelem (A4

PROOF. (2 = 1). Immediate.

(1=2). Let V, = vars,(I"), for o € {elem,int,bag}. Since I" is Thg-satisfiable,
there exists a Thag-interpretation B satisfying I'. We will use B in order to con-
struct an opportune Tpag-interpretation A.

More specifically, we let A be the Th,g-interpretation over Veiem U Vint U Viag
constructed by letting

B
Aelem = Velem s
and
et = eB, for each elem-variable e € Vgjem ,
ut =B, for each int-variable u € Vi .

Furthermore, for every bag-variable x € Vi,5q, we let
zA(e) = 2B(e), for each e € Agjem -

By contruction A is a Thag-interpretation such that Aeem = [varseiem (I’ A
Next, we show that A satisfies all literals in I".

Literals of the form €1 ejem €2, €1 Felem €2, U it U, and u Fiy v. Immediate.

Literals of the form x ~pag y. Since for each e € Aejem, We have xA(e) = xB(e) =
yB(e) = y*(e), it follows that 4 = yA.

Literals of the form u = 0, u = 1, u 8 v+ w, u & v — w, u ~ max(v,w),
u &~ min(v, w). Immediate.

Literals of the form x ~ [e]™). Since B € Agem, we have x4 =
uB = u?. Next, let €/ € Agem and €’ # B, Then 24 (e’) = 258(¢’) = 0.

Literals of the form x ~yUz, x =~ yWz, and z = y N z. This case is similar to
the case of literals of the form z = [e] ().
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Literals of the form u =~ count(z,e). Since €8 € Agem, we have ut = uf =

25 (e8) = 24 (e?). n

Proposition 56 (Finite witnessability). The theory Tiag is finitely witness-
able with respect to the sort elem. O

Proor. By Proposition 12, Remark 54, and Proposition 55. n

10.3 Politeness

Theorem 57 (Politeness). The theory Thag is polite with respect to {elem}.g

PRrOOF. By Proposition 53 and 56. n

11 Conclusion

We addressed the problem of combining a theory S modeling a data structure
containing elements of a given nature with a theory 7T of the elements. We were
particularly interested in the case in which T is not stably infinite.

To solve this problem, we defined the notion of polite theories, and we showed
that a polite theory S can be combined with any theory T, regardless of whether
T is stably infinite or not. We then proved that natural examples of polite
theories are given by the theory of equality, lists, arrays, sets, and multisets.

Our results were developed using many-sorted logic rather than one-sorted
logic. In our experience, combining nonstably infinite theories in one-sorted logic
is difficult. By moving to many-sorted logic, we were able to find many practically
relevant theories (e.g., lists, arrays, sets, and multisets) that can be combined
with nonstably infinite theories.

Concerning future research, we wish to study how polite theories relate to
observable theories [3] and local theory extensions [10]. We also wish to imple-
ment our combination method in haRVey [5], and apply it to the verification of
set-based specifications of smart-cards [4].
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