Stochastic Matrices

The following 3x 3 matrix defines a
discrete time Markov process with three
states:

P11 P2 Pri3
P= | P P P
P31 P32 P33

whereR, Is the probability of going from
] — 1 In one step. Astochastic matrix
satisfies the following conditions:

ViiBj >0

and



Example

The following 3x 3 matrix defines a
discrete time Markov process with three
states:

0.90 001 009
P=10.01 090 001
| 0.09 009 090

whereP,3 = 0.01 is the probability of
going from 3— 2 in one step. You can

verify that

Vi.iBj >0

3
iy Ri=1

and



Example (contd.)
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Figure 1: Three-state Markov process.



Single Step Transition Probabilities

X(l> — Px(0>
X(2> — Px(]-)
KEH) — pyl®)

0.641] [0.90 001009 [0.7
0.188| = [ 0.01 090 Q01| | 0.2

0.171 0.09 009 090 0.1
L J, L - Jd, L d,
x(t+1) P x(t)



n-step Transition Probabilities

Observe thak® can be written as fol-
lows:

X(S) Px<2)

P (Px<1>)
—p (P (Px<0>))

= PO,



n-step Transition Probabilities (contd.)

Similar logic leads us to an expression
for x(":

X — P(P... (Px<0>))

v

n

= P'x9,

An n-step transition probability matrix
can be defined in terms of a single step
matrix and a n— 1)-step matrix:

(Pn)ij — kzlp'k (Pn_l) Kj *




Analysis of Two State Markov Process
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Figure 2: Two-state Markov process.



Analysis of Two State Markov Process (contd.

It is readily shown by induction that the
n-step transition probabilities for the two
state Markov process are given by the
following formula:

on_ 1 (bb +(1—a—b)” a—b
- at+bl|aa a-+Db —a b’

For conciseness, we introduce the fol-
lowing abbreviations:

bb
P1= [a a]

a—Db
o[ 28]

and



Analysis of Two State Markov Process (contd.

The following identities will also help:

e |dentity 1

bb||l—-a b bb
PlP:[aa][ a 1—b]:[aa]:P1
e Identity 2

- a-b|[l1-a b
PaP = —a b][ a 1—b]
‘a—a’—ab —b+ab+b?
a’—a+ab —ab+b—b?

= (1—a— b)Pz




Analysis of Two State Markov Process (contd.

To do a proof by induction, we need to
prove the basis step and the induction

step. First t

Pl

1

a+b|

1
atb

ne basis step:

b b] +(1—a—b) [ a —b]

aa a-+b —-a b

la—a+a’+aba+b—ab—b?

'b+a—a?—ab b—b+ab+b2]

1— a b
a 1—b
P



Analysis of Two State Markov Process (contd.

Now we prove the induction step:

L L n
P”P:( 1l p1-2a-b P2>P

(a+Db) (a+Db)
1 (1—a—Dh)"
= atn) ¥ gt 2

1 (1—a—b)"t

= atb) *T (arb) 2

_ Pn+1



Limiting Distribution

[0,

a 1-b
1 [bb] (I-a-b"[ a-b
a+blaa a+b —-a b

Note thajl—a—b| <1lwhenO<a<1
and O< b < 1. Thus,|/1—-a—b|"— 0
asn — oo,

Pn




Limiting Distribution (contd.)

It follows that:
b b
lim P" = [agb agb] .
=00 atb atb
Itis easy to show thdb/(a+b),a/(a+

b)]" is an eigenvector with eigenvalue
one ofP:

b - b ab , ab
ll—a b ”m] _ a+b—aib+aa—+b]

_ _a_ ab a _ ab
a 1-b a+b | a+b+a+b a+b

- _b
— a+b]
_a |-
_ a+b




Spectral Theorem (reprise)

P" — XA"YT
= ATXS)’IJF)\SXzy;
_ [jb 1 1]+(1—a—b)”[_ﬂ[
at+b

1 [bb Jr(1—a—b)n a —b
~ atblaa a+b —a b



Existence of Limiting Distribution

In order to understand when a Markov
process will have a limiting distribution
and when it will not we will

e Prove that a stochastic matrix has no
eigenvalue with magnitude greater than

one.

e Prove that a stochastic matrix always
has at least one eigenvalue equal to
one.

¢ Identify those conditions in which this
eigenvalue will be the unique eigen-
value of unit magnitude.
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Spectral Radius

e The spectral radius, p(A), of a ma-
trix A is defined as the magnitude of
Its largest eigenvalue.

e The 1—norm of a vectoi is defined
as follows:

=3 Il
I

e The 1—norm of a matrixA is defined
as follows:

|All1= max [|AX[]1.
IX[[1=1

e TheGelfand spectral radiustheorem
states that

1
P(A) = lim [|AT][3.



Spectral Radius (contd.)

Lemma 3.1 Let P be stochastic. Then

IPlli=1.
Pr oof:

Yi = > RijX;
o
T
IZYi = inIZP.j
-

It follows that

[PX[[2 = [IX[l2.



Spectral Radius (contd.)

Consequently,
P 1 = maXHPXH1
1X|[1=1
P 1 = maxHle
1X|[1=1

P|l, = 1



Spectral Radius (contd.)

Lemma 3.2 The product of two stochas-
tic matrices is stochastic.
Proof: Let P andQ be stochastic, then

(PQ);; ZPIKQKJ

> (PQ);; ZZRKQKJ
= ZIZRkaJ
= ZijZP.k
— Zij
1.



Spectral Radius (contd.)

Theorem 3 The spectral radiug(P),
of a stochastic matrix, is one.

Proof: It is straightforward to show by
induction onn and Lemma 3.2 tha@"
IS stochastic for all integers > 0. It
follows, by Lemma 3.1, that

IPl1=1
for all integersn > 0. Consequently,
1
p(P) = lim [|P]]7 =1

by the Gelfand spectral radius theorem.



Existence of Limiting Distribution (contd.)

We just showed that a stochastic matrix
cannot have an eigenvalue with mag-
nitude greater than one. We will now
show that every stochastic matrix has at
least one eigenvalue equal to one.



Existence oA = 1

Let P be a stochastic matrix. Singg', R =
1 andyM, I;; = 1, it follows that:

= i(ﬂj—'ij)-

Consequently, the rows &f— | are not
linearly independent. Consequentis-
| IS singular:

detP—1)=0.



Existence oA = 1 (contd.)

Recall that is aneigenvector of P with
eigenvalue, A, iff:

AX = PX.

The eigenvalues oP are the roots of
the characteristic polynomial:

detfP—Al) =0.

Since detP—1) =0, it follows thatA =
1 is an eigenvalue d?.



Existence of Limiting Distribution (contd.)

We just showed that a stochastic matrix
cannot have an eigenvalue with mag-
nitude greater than one and that every
stochastic matrix has at least one eigen-
value equal to one. We will now iden-
tify those conditions in which this eigen-
value will be the unique eigenvalue of
unit magnitude.



Uniqueness ofA| =1

A matrix, P, Is podsitive if and only if
for all 1 and J it Is true thatR; > O.

In 1907, Perron proved that every pos-
itive matrix has a positive eigenvalue,
A1, with larger magnitude than the re-
maining eigenvalues. IP is positive
and of sizeM x M then:

}\1>‘)\i’ for 1<i1 <M.



Irreducibility

Two statesi and | in a Markov process
communicateiff 1) i can be reached from
] with non-zero probability;and 2) |
can be reached fronwith non-zero prob-

ability:
Ny Ny
> (P);>0and 3 (P");;>0
n=1 n=1

for some sufficiently largdéN; and No.

If every state communicates with every
other state, then the Markov process Is
Irreducible.



Periodicity

A statel in a Markov process iaperi-
odic if for all sufficiently largeN, there
IS a non-zero probability of returning to
| In N steps:

(P); >0
If a state Is aperiodic, then every state
It communicates with is also aperiodic.
If a Markov process is irreducible, then

all states are either periodic or aperi-
odic.



Positive Stochastic Matrices

Theorem 4 If P is irreducible and ape-
riodic thenP" is positive for some suf-
ficiently largeN.

Proof: Let P be irreducible and aperi-
odic. We will show that

vij (PY); >0

for some sufficiently larg&\. Let
Nii= min (N
1= in ()

We observe thalll;; Is guaranteed to ex-
Ist for all i and | by irreducibility. Now

let
N =M + max(N;j)
]

whereM satisfying
vi (PM)ii >0



IS guaranteed to exist by aperiodicity.
We observe that

(PN)ij — (PNij+N_Nij)ij

which is just
(PN)" - Z(PN”)' (PN_Nij)kj
> (PY), (PY),

We observe tha(PN'J) > 0 by defini-
tion of N;;. SinceN — N > M, It fol-
lows that(P'\I N'J) >0 by aperiodic-
ity. We therefore see that

(P, = (), PV ),
> 0.



Uniqueness ofA| =1 (contd.)

When a Markov process is irreducible
and aperiodic, theP" for some suffi-
ciently largeN will be a positive ma-
trix. In this case, the unique positive
eigenvalue of largest magnitudg, guar-
anteed to exist by Perron’s Theorem equals
one:

X1 = PNX1.
Since one is the unique positive eigen-
value of largest magnitude &f, it fol-
lows that one is also the unique positive
eigenvalue of largest magnitude [ef



Limiting Distributions

Let x(9 be an initial distribution. We
can writex(© as a linear combination
of the eigenvectors d?:

X(O> = C1X1+ CoXo+ ... + CuXM-

CanxV = Px(© also be written as a lin-
ear combination of eigenvectors?

X(:L> — PciX1+ PCoXo + ... + PCuXm



Limiting Distributions (contd.)

SincePx; = Aix; It follows that:

X — A1C1X1 4 AoCoXo -+ ... &+ AMCMXM.
FurthermoreP"x; = Al'x;. It follows that:
XM = Aflcaxs + ADCoXo + ... 4+ Al CuXwm.

SinceA; =1 and|Aj| < 1 for alli, in the
limit asn — oo:

lim X<n) — C1X1.

N—o©0

Observe thak; is independent ok©)
and thatc; must equal one.



Genetic Drift

e There are Rl individuals of whichj|
possess gene variam, and the re-
maining N — | possess gene vari-
ant,B.

e Let{0,...,2N} be the states of a Markov
process modeling the number of In-
dividuals Iin successive generations
who possess gene variaAt,

¢ An individual inherits his gene vari-
ant either from his father (50% prob-
ability) or his mother (50% proba-
bility).



Genetic Drift (contd.)

e The probability of any individual in-
heritingAis pa = /2N and inherit-
INgB IS pg = 1— pa.

e The probability that exactlk indi-
viduals will possesAé in the next gen-
eration, given thaj individuals pos-
sess it in the current generation can

be modeled by the binomial distri-
bution:

P = (ZL\' ) pA(L— pa)™



Genetic Drift (contd.)

e Gene varianf becomes extinct if =
0.

e Given an initial population with ex-
actly | individuals possessing gene
variantA, whatis the probability that
gene varianA will become extinct?



Adding Mutation

e Gene variantA, mutates to gene vari-
ant, B, with probabillity, pa_g.

e Gene variantl, mutates to gene vari-
ant,A, with probability, ps_.a.

e The probability that an individual in-
heritsA (and it doesn’t mutate t8)
or that he inherit8 (and it mutates
toA)is:

PaA= ﬁ(l— Pa—B) + (1 — ﬁ) PB—A



