Fourier Transform Theorems

e Addition Theorem

e Shift Theorem

e Convolution Theorem

e Similarity Theorem

e Rayleigh’s Theorem

e Differentiation Theorem



Addition Theorem

Fif+9t=F+G
Proof:

(0]

r{f+g}e)= [ [f)+gb)]e

—00

= [ tmedtr [ gte 2
= F(s)+ G(s)



Shift Theorem

7 {f(t—to)}(s) = & ™R (s)
Proof:

F {f(t—1t9)}( / f(t—tg)e 2™dt
Multiplying the r.h.s. byel?™og=12™0 — 1 yjelds:
7 {f({t—1)}(s)
/ i (t —tg)e 1™ gl 2log—I2mogt
= e:J'O;T‘S’tO / ) f(t —to)e 1Sttt
Substitutingu = t_j to anddu = dt yields:
5 {ft—to)}(s) = e‘jsz/o;f(u)e‘jZ"S“du

— g JToE (),



Shift Theorem Example

7 {sin(2rt(t+1/4))} (s

X 7 {sin(2mt)}
0(s+1) —d(s—1)]

|
- ('D
El

I\JI‘—
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HI\JI‘—-I\)I‘—-I\)I‘—- D

e76(3+ 1) — eTB(S— 1)}

s (s 1 1) @ V(s )]

[—Jjo(s+1) - jo(s—1)]

= —[0(s+1)+d(s—1)]
= ¢ {coq2rs)}

N



Shift Theorem (variation)

7 HF(s—so)}(t) = ™0 (1)
Proof:
5 "HF(s—)} / F (s— 50)ei2™ds

Multiplying the r.h.s. byel?™ote=12™ot — 1 yjelds:
7 H{F(s—0)}(t)

/oo F(s—s)e/o™el™otem12Totgg
= ej_zo:‘Sot / " F(s— ) 9ds

Substitutingu :—S°°_ S anddu = dsyields:

r HF(s—so)H) = et [ F(ujenidy
— elZ™otf (1),




Convolution Theorem

F{fxg}=F-G
Proof:

f{f*g}()

:?/ /‘f dqeﬂmm

Changing the order of mtegration:

7 {T*g}(s)

- /_o:o f(u) [/Zg(t —~ u)ejzmdt] du

By the Shift Theorem, we recognize that

[/m gt — u)ejzmdt] — g 17™G(s)
so that
F{fxgl(s) = [ f(ue ' ™G(s)du




Convolution Theorem Example

The pulse[l, is defined as:

_ L <3
n(t) = { 0 otherwise

The triangular pulsel, is defined as:

1t if <1
Alt) = { 0 otherwise

It Is straightforward to show thah = 1% I1.
Using this fact, we can compute{A}:

7 AN (8) = 7 {1 +TT}(s)
= 7 {N}(s)- 7 {M1}(9)

sin(Ts)  Sin(TiS)
s TS

Sin(Tts)

TRS?




Convolution Theorem (variation)

5 HF*G}=f-.g
Proof:

_1{F G} (1)

:/ / F(u)G(s—u du] el?™dg

Changing the order of Integration:

F THF «G}t)

- /_o:o F(u) [/ZG(S— u)ejzmds] du

By the Shift Theorem, we recognize that
[/w G(s— u)ejzmds] — el2Mgt)
So that -
r UFGHY) = [ F(uePtg(tdu
= gt / F (u)e*™du
= g(t) - f(t)




Similarity Theorem

SUCHCE-6

Proof:
5 {f(at / f(at)e 12t
There are two cases.

e a > 0. Multiplying the integral bya/|a] =1
and the exponent bg/a = 1 yields:

7 {f(at)}(s) ‘a‘/ f (at)e 12/t

We now make the substitution = at and
du = adt:

F {f / f 12ns/a Udu
\a\

- ()



Similarity Theorem (contd.)

e a < 0. Multiplying the integral bya|/|a| =1
and the exponent by |al/a = 1 and using
the fact thab = —|a| yields:

F{f(at)}(s) =

=00
L7 jage i/ -lan) g gr
‘a‘ [=—o
We now make the substitutian= —|alt and

du= —|a|dt:

Ffae) = = [

_H .
— i/ f(u)e—jzn(s/a)udu
|al J o

- & ()

f(u)e12Ms/Auqy



Similarity Theorem Example

Let's computeG(s), the Fourier transform of:

ot) =72,
We know that the Fourier transform of a Gaus-
sian:
f(t) =e ™
Is a Gaussian:
F(s) = e s
We also know that :

r {f@)s) = (3).

4]
We need to writg(t) in the formf (at):

g(t) = f(at) = e ™@?,

It follows that:
G(s) = 3y/Te TV’



Rayleigh’s Theorem

/_Z\f(t)]zdt:/_i\F(s)yzds
/\f \zdt_/f

Substituting{# ~*{F}}*(t) for f*(t):

Proof:

g
- .1/

/mF(s)elzmds] f(t) dt
/ F*(s)eiZTHds]f(t)dt



Rayleigh’s Theorem (contd.)

Changing the order of integration:

— [/ F*(s)e’zmds] f(t) dt
[=—0 S——00
S—o00

— F*(s) Utw e 12 (1) dt] ds



Differentiation Theorem

7 {1'}(s) = j2rsF (s)
Proof:
f=7 {F}
Therefore

f(t) = /_O:OF(s)ejZTHds

Differentiating both sides with respectto

(0]

f'(t) = / j21SF (5)e/°™ds
or
=7 “H{j2nsF (s)}
Taking the Fourier transform of both sides:

7 {f'}(s) = 7 {# {j2msF(s)}}
= 215k (9)



Differentiation Theorem Example

; {dsir;(tzm)}(s)
j2157 {sin(2mt) } ()

jons- L 8(s+1) ~ 8(s - 1)
—T5|0(S+ 1) — &(s—1)]
TsO(s— 1) — Sd(s+1)]
n'(+1)6(s 1) — (=1)d(s+1)]
mo(s—1)+90(s+1)]
Ty {2c0og21t) }(S)
7 {2mcoq 21t) }(s)




