Fourier Transform Pairs

The Fourier transform transforms a function of
time, f(t), into a function of frequency (s):

7 {£(t))} /f (t)e 12t

The inverse Fourier transform transforms a func-
tion of frequencyf(s), into a function of time,

f(t):
r HFEOH) = () = [ F(geds

The inverse Fourier transform of the Fourier trans-
form Is the identity transform:

f(t) = /_O:O [/O:O f(T)ejZT[STdT] el?™ s



Fourier Transform Pairs (contd).

Because the Fourier transform and the inverse
Fourier transform differ only in the sign of the
exponential’'s argument, the following recipro-
cal relation holds betweef(t) andF (s):

f(t) < F(s)
IS equivalent to
F(t) 2 f(—s).

This relationship is often written more econom-
iIcally as follows:

f(t) <<= F(s)

where f(t) andF(s) are said to be &ourier
transform pair.



Fourier Transform of Gaussian

Let f(t) be a Gaussian:
f(t) =e ™.

By the definition of Fourier transform we see
that:

F(s) /e “er 12y

_ / t2+1251

Now we can multiply the right hand side by
o T _ 1

_ —nsZ/ (%] 28) +T8° 5.
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Fourier Transform of Gaussian (contd.)

F(S) _ e—TIBZ/‘oo e—n(H—js)Zdt

After substitutingu for t + js anddu for dt we
see that:

F(s) = g™ / e ™ du.
\ - T >4

It follows that the Gaussian Is Iits own Fourier
transform:



Fourier Transform of Dirac Delta Function

To compute the Fourier transform of an impulse
we apply the definition of Fourier transform:

5 {8(t—to)}(s) = F(s) = /_ Z 5(t — to)e 178t

which, by the sifting property of the impulse, is

just:
e_jZT[StO

It follows that:

3(t —tg) < e J21sh,



Fourier Transform of Harmonic Signal

What is the inverse Fourier transform of an im-
pulse located a%y? Applying the definition of
Inverse Fourier transform yields:

r U350} = (0= [ 8(s—s)eds

which, by the sifting property of the impulse, is

just:
ej2nsot

It follows that:
el?mot 1, §(s—g).



Fourier Transform of Sine and Cosine

We can compute the Fourier transforms of the
sine and cosine by exploiting the sifting prop-
erty of the impulse:

[ £080x— xo)dx = 1)

e Question What Is the inverse Fourier trans-
form of a pair of impulses spaced symmetri-
cally about the origin?

F H3(s+ %) +O(s—%0)}

e Answer By definition of inverse Fourier trans-
form:

f(t) = /_ Z (54 %) + 8(s— 5o)] €12™dis



Fourier Transform of Sine and Cosine (contd.)

Expanding the above yields the following ex-
pression forf (t):

/6(s+so)ejzmds+/ 3(s— sp)e“™ds

Which by the sifting property Is just:

f(t) _ ejZHSot_|_e—j2nsot
= 2C032mt).



Fourier Transform of Sine and Cosine (contd.)

It follows that

cog2msot) «— % [3(s+ %) +d(s— %)) -

A similar argument can be used to show:

sin(2nst) <— % O(s+%) —0(s— )] -



Fourier Transform of the Pulse

To compute the Fourier transform of a pulse we
apply the definition of Fourier transform:

F(s) = /_ Zﬂ(t)e‘jzmdt

= /? e 7™t
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Using the fact that sifx) (ejx_;]x)

that:

we See

F(s) — sinT([ST[s).




Fourier Transform of the Shah Function

Recall the Fourier series for the Shah function:
1

t 1 2
+ I jwt
2T[”| (211) 21 2 ©

W=—00

By the sifting property,

I (%T) :w:io/ZzS(s—oo)eiﬂds.

Changing the order of the summation and the
Integral yields

t © 2 .

[ — | = &(s— w)e'*ds.
<2T[> /—°° wzz—oo ( )

Factoring oue'® from the summation

I (%T) = /_(:ejst i 3(s— w)ds

WD=—00

— /_oo eIl (s)ds.



Fourier Transform of the Shah Function

Substituting 2u for t yields

|||(T):/ 1l (s)e!*™'ds
= 7 H{II(s)}(1).

Consequently we see that

g {Y =1,



