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Orthonormal bases fdk"

Let u = [uy,Up]" andv = [vi,V,]" be vectors in
R?. We define thénner product of u andv to

be

(U, V) = UgV1 + UpVa.
We can use the inner product to define notions
of length andangle. The length olu is given by

the square root of the inner product wiwith
itself:

NI

uf = (u,u)

_ 22
= /U4 US.

The angle between andv can also be defined
In terms of inner product:

(U,V) = |uj|v|cosd

0= cos ().

where




Orthogonality

An important special case occurs when
(u,v) = |ul|v|cosB = 0.
When co® equals zerod = 11/2 = 9C.



Orthonormal bases fdk"

Any northogonal vectors which are of unit length
1=
(Ui, Uj) = { 0 otherwise

form anorthonormal basis for R". Any vector
In R" can be expressed as a weighted summof
U2, Us, ..., Un.

V = W1Uq +WoUo + W3U3 + ... + WhUp.
e QuestionHow do we findwy, Wy, Ws, ..., W,?
e Answer Using inner product.



Example

Consider two orthonormal bases. The first basis

IS defined by the vectors; = é andu, =

[(1)] . It is easy to verify that these two vectors

form an orthonormal basis:
< 1 : 0 >:1-O+O-1:O

_O_ _1_

(8 8] -vorrses



Example (contd.)

The second, by the vectotg = [
, [—sme

cos@]
. and
sSIinB

U =
2 cosh
these two vectors form an orthonormal basis:

<[cos@] , [—sme] > = —cosAsind + cosAsin® =0

]. It is also easy to verify that

sin® cosO

<[0059] | [0039]>=co§e+sin29:1

sin@ sin@

<[—§(|)r;g] , [—:(l)r;g] > — coS0+sinfo=1.



Example (contd.)

Let the coefficients oY in the first basis b&v,
andws,:

V=W L + W 0

S o] T )

What are the coefficients ofin the second ba-

sis? Stated differently, what values wf and
w, satisfy:

coso —sinB
V=W, [ sin@] W, [ cos@]?



[—sin 8, cos §]"

77777 ' [cos 8, sin 8]"

Figure 1: Change of basis.

Example (contd.)

To find w; andw,,, we use inner product:

Wy

W

(
<

' cosP
i sinB
I —sine] [wl

| 1))
)

coso Wo



Example (contd.)

The above can be written more economically in
matrix notation:

w;| | cosd sind | |w
W, | | —sinB cosB | | w;
w' = Aw.

If the rows of A are orthonormal, ther\ Is

an orthonormal matrix. Multiplying by an or-
thonormal matrix effects ahange of basis. A
change of basis between two orthonormal bases

IS arotation.



Matrix transpose

If A rotatesw by 6

B [ cosd sine]
~ | —sinB cosb
thenA—1 = AT rotatesw’ by —0
AT [cos@ —sine] |

~ | sin@ cosB

In other wordsAT undoes the action @&, i.e.,
they arenverses.

AAT — [ cog0+sir0 cosDsind — sinfcosd
| cosBsin6 —sinBcosd co$0+sirfo
B 10
|01}

For orthonormal matrices, multiplying by the
transpose undoes tlehange of basis.



Complex vectors irC?

v = [a1€%1, a,€%2]T is a vector inC?.

e QuestionCan we define length and angle in
C?just like inR??

e Answer Yes, but we need to redefine inner
product:

(U,V) = UV1 + UoVa.

Note that this reduces to the inner product for
R? whenu andv are real. The norm of a com-
plex vector is the square root of the sum of the
squares of the amplitudes. For example, for
v e C?:
ul = (u,u)?
= /Uil + UbUp.




Orthonormal bases fdt"

e Question How about orthonormal bases for
C", do they exist?

e Answer Yes. If (uj,uj) = 0 wheni # j and
(Ui,uj) = 1 wheni = j, then theu; form an
orthonormal basis fo€".

e QuestionDo complex orthonormal matrices
exist?

e Answer Yes, except they are callashitary
matrices andA*)" undoes the action oA.
Thatis

AAH)T =1
where (A*)T = AH is the Hermitian trans-
pose ofA.



The space of & periodic functions

A function, f, is 2rt periodic iff f(t) = f(t +
217). We can think of two complex12periodic
functions,e.g., f andg, as infinite dimensional
complex vectors. Length, angle, orthogonal-
ity, and rotation (.e., change of basis) still have
meaning. All that is required is that we gener-
alize the definition of inner product:

(f.9)= [ Fogt

The length (.e., the norm) of a function is:

-/

Two functions,f andg, are orthogonal when

(f.g) = /f t)dt = 0.

I\JII—‘

f| = (f, )



Scaling Property of the Impulse

The area of an impulse scales just like the area
of a pulsej.e., contracting an impulse by a fac-
tor of achanges its area by a factorﬁf
00 1 _ E
/ N(at)dt = - = lim [ S(at)ct

la]  e-0/_¢
It follows that:

€ €
im [ Jals(at)dt =lim | (t)dt =1
E— —€

e—0 —€

Since the impulse is defined by the above inte-
gral property, we conclude that:

ad(at) = B(t).



Shah basis

The Shah function is a train of impulses:

I (t) = i 5(t—n).

N=—o00

We can use the scaling property of the impulse
to define a Ziperiodic Shah function:

i (zr) = 2,23 ()

33 a(en(z,n)

= i O(t—2m).

N=—o0



Shah basis (contd.)

Consider the infinite set ofr2periodic Shah
functions,>=lIl (1), for —m< 1 < T Because
2 () =3(t — 1) for —t<t < mit follows

211
that

<%Tm (t ;1> %Tm (t ;Z»
:/_ZB(t—Tl)é(t—Tz)dt

equals 0 whem; # 1, and equalg™_d(t — 1, )dt =
1 whent; = 1,. It follows that the infinite set
of 2t periodic Shah functionsz-IIl (1), for
—m < 1 < 1tform an orthonormal baS|s for the
space of & periodic functions.




()= 3 &(t—n)

nN=—00

SRRRNANS

1 t—T1 00
2,]TIII( o )—nzz_oocs(t—T—nQ?T)

I

-
0 2T

Figure 2: Making a & periodic Shah function.



Shah basis (contd.)

e Question How do we find the coefficients,
w(T), representingf(t) in the Shah basis?
How do we findw(T) such that

2n/ w()lll (t_T>dT7

e Answer Take inner products of with the
Infinite set of 2t periodic Shah functions:

W(T) = <%Tm (E:) f(t)>.



Shah basis (contd.)

Because:lll (1) =3(t —1) for —m<t < it
follows that

W(T)zzn/f 61l (t_T>dt
:/ f(t)o(t—1)dt

which by the sifting property of the impulse is

just:

w(t) = f(1).
We see that the coefficients df in the Shah
basis are just itself!



Harmonic signal basis

e QuestionHow long is a harmonic signal?
e Answer The length of a harmonic signal is

‘ejoot‘ _ <ejmt7 ejoot>%

no 2
(/ ejwtejootdt>
— T
o 2
- (L)
— T

= V2n



Harmonic signal basis (contd.)

e QuestionWhat is the angle between two har-
monic signals with integer frequencies?

e Answer The angle between two harmonic
signals with integer frequencies is
: , n : ,
<elw1t7el(*)2t> :/ e_lwlteJ(Utht
—T

C ilop—wpt |7

j (0 — )

- 4 1—T

Since this function is the same-attandrt (for
all integersw; andwy,), we conclude that

<ej(-“-)1t7 eJ(*)Zt> —0

whenw,; andw, are integers an, # wy.




Fourier Series of 2 Periodic Functions

It foIIows that the infinite set of harmonic sig-
nals, ﬁ el®t for integerw and —oo < W < o0
form an orthonormal basis for the space of 2
periodic functions.

e Question What are the coefficients df in
the harmonic signal basis?

e Answer Take inner products of with the
Infinite set of harmonic signals.

This Is theanalysis formula for Fourier series:

F () = <\/i_nelwt f>
_ ﬁ/nf(t)ej‘*’tdt

for integer frequencywy.



Fourier Series of # Periodic Functions (contd.)

The function can be reconstructed usingdyre
thesis formula for Fourier series:

F(w)e'®t,



Fourier Series Example

The Fourier series for the Shah basis function

£(t) :%Tm (%T)

1S

Consequently
1 (0/0)
f(t) = —
(t) o 2
1 (0/0)

— E‘[ Z ejwt.

WD=—00

F(w)e/®!



Deep Thought

The analysis formula for Fourier series effects a
change of basis. It is @tation in the space of
21 periodic functions. The synthesis formula
undoes the change of basis. It is the opposite
rotation.
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Figure 3: Rét) (solid) and Inft) (dashed) of truncated Fourier series for Shah basis func{&)
—1<w<1lb)-2<w<2(C)4<w<4(d)-8<w<8(e)—16<w<16(f)—32<w<32.
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Figure 4: Rét) (solid) and Inft) (dashed) of truncated Fourier series for Shah basis funct&)
—64<w<64(b)—128<w<128(c)—256< w <256 (d)—512<w<512 (e)-1024< w <
1024 (f)—2048< w < 2048.



Fourier Series ol -Periodic Functions

A function, f, is T-periodic iff f(t) = f(t+T).
e Analysis formula

Flw) = <\/_|?7Te12"‘*’t/T, f>

\/ZTT/T/Z
I A
for integer frequencywy.

f(t)e 12t Tt

e Synthesis formula
\ 21 2T t
— /T
f(t) = w:ZOOF(w)e

Observe that if we substitule= 2mtin the above
expressions, we get the formulas famr Beri-
odic functions.



The Fourier Transform

Functions with finite length are termeduare
Integrable.

=/ [ Iroea
\//Zf*(t)f(t)dt

< 00,

For square integrable functions, we can take the
limit of the Fourier series foll -periodic func-
tions asT — oo, In which case, it is possible to
show that...



The Fourier Transform (contd.)

e Analysis formula
F(s) = (&2 f>

—/ f(t)e 12t

e Synthesis formula
:/ F(s)e!“™ds



