
CS 561, HW 4

Prof. Jared Saia, University of New Mexico

1. In this problem, you will prove that for a recurrence of the form T (n) =
aT (n/b) + f(n), if af(n/b) ≥ Kf(n) for some constant K > 1, then
T (n) = Θ(nlogb a). Assume that for any x ≥ b, af(x/b) ≥ Kf(x) for
some fixed K > 1. Let the last level of the recursion tree be ℓ = logb n.

(a) Let L = Θ(aℓ) be the cost of the last level of the recurrence tree.
Show that (1) L = Θ(nlogb a) and (2)

󰁓ℓ
i=0 a

if(x/bi) ≥ L. Hint:
Use the log facts for (1); and a simple inequality for (2)

(b) Next prove by induction that, for any i ∈ [0, ℓ],

aif(x/bi) ≥ Kif(x).

Don’t forget to say which variable you’re doing induction on, and
label the BC, IH and IS. Solution: This is by induction.

(c) Using the above result, bound the sum of all levels of the recursion
tree, i.e. upper bound

󰁓ℓ
i=0 a

if(x/bi). Hint: To do this, show
that what you proved in part (b) implies that for all x:

f(x) ≤ (1/K)iaif(x/bi).

Then, show that this implies that for all j ∈ [0, ℓ],

ajf(n/bj) ≤ (1/K)ℓ−jL

Then, use what we showed in class about geometric summations.

2. Consider the recurrence f(n) = 4f(n/3) +
√
n

(a) Use the Master method to solve this recurrence

(b) Now use annihilators (and a transformation) to solve the recur-
rence.

3. Consider the function:
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int f (int n){

if (n==0) return 2;

else if (n==1) return 5;

else{

int val = 2*f (n-1);

val = val - f (n-2);

return val;

}

}

(a) Write a recurrence relation for the value returned by f . Solve the
recurrence exactly. (Don’t forget to check it)

(b) Write a recurrence relation for the running time of f . Get a tight
upper bound (i.e. big-O) on the solution to this recurrence.

4. A bakery sells donuts in boxes of three different quantities, x1, x2, and
x3. In the Donut Buying problem, you are given the numbers x1, x2
and x3, and an integer n and you should return either 1) the minimum
number of boxes needed to obtain exactly n donuts if this is possible,
along with a set of boxes that obtains this minimum; or 2) “DOH!” if
it is not possible to obtain exactly n donuts.

For example if x1 = 4, x2 = 6, x3 = 9 and n = 17, then you should
return that 3 boxes suffices, with 2 boxes of size 4, and 1 box of size 9.
However, if n = 11, you should return “DOH!” since it is not possible
to buy exactly 11 donuts with these box sizes.

(a) For any positive x, let m(x) be the minimum number of boxes
needed to buy x donuts if this is possible, or INFINITY otherwise.
Write a recurrence relation for the value of m(x). Don’t forget
the base case(s)!

(b) Give an efficient algorithm for solving Donut Buying. How does
its running time depend on x1, x2, x3, and n? Is it an algorithm
that runs in polynomial time in the input sizes?
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